Introduction
Rotating beams -like structures are widely used in many engineering fields and are of great interest as they can be used to model blades of wind turbines, helicopter rotors, robotic manipulators, turbo-machinery and aircraft propellers. The governing differential equations of motion in free vibration of a non-uniform rotating Timoshenko beam, with general elastic restraints at the ends are solved using the differential quadrature method, (Bellman & Roth, 1986; Felix et al., 2008 Felix et al., , 2009 ). The equations of motion are derived to include the effects of shear deformation, rotary inertia, hub radius, ends elastically restrained and non-uniform variation of the cross-sectional area of the beam. The presence of a centrifugal force due to the rotational motion is considered as Banerjee has developed, using Hamilton's principle to capture the centrifugal stiffening arising in fast rotating structures, (Banerjee, 2001) . With the proposed model, a great number of different situations are admitted to be solved. Particular cases with classical restraints can be deduced for limiting values of the rigidities. Also step changes in cross-section are considered (Naguleswaran, 2004 ).
The natural vibration frequencies and mode shapes of rotating beams have been a topic of interest and have received considerable attention. A large number of researchers have studied the dynamic behavior of rotating uniform or tapered Euler-Bernoulli beams. (Yang el al., 2004; Özdemir & Kaya, 2006; Lin & Hsiao, 2001 ). Banerjee derived the dynamic stiffness matrix of a rotating Bernoulli-Euler beam using the Frobenius method of solution in power series and he includes the presence of an axial force at the outboard end of the beam in addition to the existence of the usual centrifugal (Banerjee, 2000) .
Not so many studies have tackled the problem of rotating beams taking into account rotary inertia, shear deformation and their combined effects, hub radius and ends elastically restrained, (Bambill et al., 2010) . In applications where the rotary inertia and the shear deformation effects are not significant, an analysis based on the Euler-Bernoulli beam theory can be used. However, Timoshenko theory allows describing the vibration of short beams, sandwich composite beams or high modes of a slender beam, (Rossi et al., 1991; Seon et al., 1999) . (Banerjee et al., 2006) investigated the free bending vibration of rotating tapered Timoshenko beams by the dynamic stiffness method. (Ozgumus & Kaya, 2010) used the Differential Transform Method for free vibration analysis of a rotating, tapered Timoshenko beam.
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The finite element method was used by (Hodges & Rutkowski, 1981) . (Vinod et al., 2007) presented a study about spectral finite element formulation for a rotating beam subjected to small duration impact. (Gunda & Ganguli, 2008 ) developed a new beam finite element whose basis functions were obtained by the exact solution of the governing static homogenous differential equation of a stiff string, which resulted from an approximation in the rotating beam equation. used the Genetic Programming to create an approximate model of rotating beams. (Gunda et al., 2007) introduced a low degree of freedom model for dynamic analysis of rotating tapered beams based on a numerically efficient superelement, developed using a combination of polynomials and Fourier series as shape functions. (Kumar & Ganguli, 2009 ) looked for rotating beams whose eigenpair, frequency and mode-shape, is the same as that of uniform non rotating beams for a particular mode. An interesting paper (Ganesh & Ganguli, 2011) presented physics based basis function for vibration analysis of high speed rotating beams using the finite element method. The basis function gave rise to shape functions which depend on position of the element in the beam, material, geometric properties and rotational speed of the beam.
The present study tries to provide not only solutions for practical engineering situations but they also may be useful as benchmark for comparing other numerical models. The proposed differential quadrature method, offers a useful and accurate procedure for the solution of linear and non linear partial differential equations. It was used by Bellman in the 1970's. He used this method to calculate the natural frequencies of transverse vibration of a rotating cantilever beam. (Bellman & Casti, 1971) . Other authors have used the differential quadrature method and recognized it as an effective technique for solving this kind of problems, (Bert & Malik, 1996; Shu & Chen, 1999; Choi et al., 2000; Liu & Wu, 2001; Shu, 2000) .
Numerical results are obtained for the natural frequencies of transverse vibration and the mode shapes of rotating beams considering the elastic restraints, with non uniform variation of the cross-sectional area. Some of those cases have also been solved using the finite element method, and the sets of results are in excellent agreement. 
Theory
1 k F  is the outboard force at the end of the segment k , due to the adjacent segments k+1 to d.
R1
L1 Lk Finally, the tensile force can be written as the shear modulus and  is the shear factor.
The governing differential equations of motion of a rotating Timoshenko beams (Banerjee, 2001) are: where  is the circular frequency in radian per second.
The bending moment and the shear force are expressed as
Substituting equations (9-10) into equations (8), the equations of motion for the free vibration of the segment k of the rotating beam result in: The conditions for displacements and forces between adjacent segments, k and k+1, are: Figure 3 shows the beam elastically restrained at both ends.
The boundary conditions of the beam at its ends are, for the first segment k=1, at 1 0
and for the last segment k=d, at dd xL  :
The four spring constants are denoted as: 11 ,,,
The expressions and parameters in dimensionless form are defined as follows:
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And the equations of motion in dimensionless form are:
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and the equations (15) of compatibility of the bending moment and the shear force, result in the following adimensional equations:
The boundary conditions at the end closest to the axis of rotation, segment 1, x=0, are:
and at the other end of the rotating beam, segment d , x=1, they are:
is an outboard force at the end of the beam, farthest from the axis of rotation, that is equal to zero in the present study.
Differential Quadrature Method, DQM
In order to obtain the DQM analog equations from the governing equations of the rotating beam, the beam segment domain is discretized in a grid of i points, using the ChebyshevGauss -Lobato expression, (Shu, 2000 
The equations of motion (21) and (22) become: Finally, the conditions (23) and (24) are replaced by:
and the boundary conditions (25) and (26) 
(1) 0; 2 (1 ) 2 (1 ) (1) 0
The DQM linear equation system is used to determine the natural frequencies and mode shapes of the rotating beam. The number of terms taken in the summations had been studied for many situations and the system has acceptable convergence by n= 21 terms. (See Table 1 )
Finite element method, MEF
An independent set of results for the natural frequencies, was also obtained by a finite element code. (Bambill et al., 2010) . The finite element model employed in the analysis has 3000 beam elements of two nodes in the longitudinal direction (Rossi, 2007) . See Table 2 . This number of elements was proved to be enough with a convergence analysis.
The beam model also takes into account the shear deformation (Timoshenko beam's theory) and the increase in bending stiffness induced by the centrifugal force. The term
of equation (13.b) was not included in the finite element formulation. Probably for this reason some small differences between both sets of numerical results (DQM and FEM) begin to appear when the rotational speed η increases.
Numerical results
In the following examples some calculations were performed over elliptical cross sections. ( 0.886364
 
). Without loss of generality, one may choose to keep constant width e k =e and vary the height () k hx in each segment of the beam. The area and the second moment of area of the cross section of the beam will be () () 4
, and for this particular situation there are:
The following formula is proposed to a quadratic variation of the height in each segment of beam: 
As it can be seen in Table 1 , the frequency coefficients calculated by the Differential Quadrature Method, DQM, using a summation with n 19  (i= 1, 2, 3, …, n) points, show none significant improvement. 
In Table 2 the values obtained for the natural frequency coefficients using the finite element method are presented for 
In the first examples it is assumed a perfect clamped condition at the axis of rotation, given by: 
All the calculations performed for the following Tables and Graphics used The DQM results are determined using n = 21 in each segment of the beam, and the MEF results were obtained with 3000 elements.
The beam considered in Table 4 has one segment and is elastically restrained at its outer end. The parameter of rotation speed η is taken equal to 10. The Table presents Figure 4 shows the first four natural frequency mode shapes for beams, with two different kinds of boundary conditions: a) corresponds to
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Conclusion
The differential quadrature method proves to be very efficient to obtain frequencies and mode shapes of natural vibration, for the rotating Timoshenko beam model.
The versatility of the proposed beam model (variable cross section, step change in cross section, elastic restraints at both ends) allows to solve a large number of individual cases.
Something interesting to point out is that because the method directly solves two ordinary differential equations, additional restrictions are not generated. This does not happen in other methodologies, such as the dynamic stiffness method (Banerjee, 2000 (Banerjee, , 2001 .
As a matter of fact, the differential quadrature method has the same advantage as the finite element method and it needs less computer memory requirements than the FEM.
In particular the present results show that the frequency coefficients vary more significantly when the translational spring stiffness changes at the end of the beam farthest from the axis of rotation K ψd .
Appendix A
As Shu presents in his book (Shu, 2000) , the differential quadrature method, DQM, is a numerical technique for solving differential equations.
In order to obtain the DQM analog equations to the governing equations of the rotating beam and its boundary conditions, the beam domain is discretized in a grid of points using the Chebyshev -Gauss -Lobato expression, (Shu & Chen, 1999 A , which appeared in the linear algebraic equations of quadrature (28-35), were determined using the explicit expressions cited by (Bert & Malik, 1996) . Because the sum of the weighting coefficients of a row of the matrix is zero, it is easy to calculate the diagonal terms of derivatives of any order q, using the following expression: 
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